We effectively answer the geometric Shafarevich's conjecture on the squarefree odd hyperelliptic curves with a marked Weierstrass point as a consequence of acquiring a family of new sharp asymptotic with the leading term of order O B 2g+3 4g+2 on Z g,Fq (t) (B) for counting the quasiadmissible hyperelliptic genus g curves by the bounded height of the hyperelliptic discriminant ∆g over Fq(t) with char(Fq) > 2g + 1 . The precise counts are acquired by considering the Hom stack Homn(P 1 , P( λ)) of degree n rational curves on P( λ), the N -dimensional λ = (λ0, . . . , λN ) weighted projective stack. We determine its class in the Grothendieck ring of K-stacks as a polynomial in L over any basefield K with char(K) ∤ λi which provides the exact cardinality of the set of weighted Fq-points. Considering upon the arithmetic of the moduli of semistable fibered algebraic surfaces over P 1 , we establish an injective transformation from the moduli Qg of quasi-stable (which includes the semistable) hyperelliptic genus g fibrations with a marked Weierstrass section to the moduli Lg of quasi-admissible hyperelliptic genus g fibrations over any basefield K with char(K) = 0 or char(K) > 2g + 1. Consequently, we acquire the motive of the moduli stack of quasi-admissible hyperelliptic genus g fibrations with a hyperelliptic discriminant of degree |∆g| = 4g(2g + 1)n as
Introduction
Understanding the geometry of an algebraic variety X by studying the rational curves on X as in [Kollár] originates from the classical theme in geometry of studying the lines on a given geometric object to naturally discover various underlying structures. Around 1989 Manin's school of algebraic geometry gave a precise relationship between the curvature and the existence of rational curves under the name of Manin's conjecture [FMT] over complex numbers which was later generalized to Batyrev-Manin conjecture [BMa] over finite fields. It is now expanded to geometric Batyrev-Manin conjecture as the study of morphisms P 1 → X by the works of [Bourqui, LT, ESZB] .
A projective variety X is described as a Proj of a graded ring S with generators s 0 , . . . , s N of respective degrees λ 0 , . . . , λ N in general. In this regard, Reid constructs in [Reid] a natural embedding of X into a weighted projective space P( λ) with the weight λ = (λ 0 , . . . , λ N ) which presents X as a closed subvariety of P( λ). Naturally, one can extend this perspective to the algebraic stacks by considering an embedding X ֒→ P( λ) of a given cyclotomic stack X in the ambient weighted projective stack P( λ) (see Definition 15). Definition 1. A stack C is cyclotomic if for every point p ∈ C, its stabilizer group is a finite cyclic group. Any closed substack of a cyclotomic stack is cyclotomic.
Note that we have the classification of the closed cyclotomic substacks X ⊂ P( λ) by a Hilbert scheme that was proven in [AH, Theorem 2.2.3.] as a direct application of [OS, Theorem 1.5] . The true meaning of extending the consideration from the category of algebraic varieties to the category of algebraic stacks lies in the fact that many significant moduli functors are finely represented by algebraic stacks and not by algebraic varieties or schemes as the objects one attempts to classify have automorphisms.
In this paper we first acquire the Grothendieck motive classes away from small characteristics for the moduli stack of morphisms Hom n (P 1 , P( λ)) where the domain is the smooth projective line P 1 and the target is the weighted projective stack P( λ). Our motivic identities allow us to obtain basic properties of rational curves on any given projective variety X or a cyclotomic stack X ⊂ P( λ) by understanding the sharp asymptotic behavior of rational curves on a fixed ambient weighted projective stack P( λ) through the Grothendieck ring of K-stacks, where the motive [Hom n (P 1 , P( λ))] ∈ K 0 (Stck K ) is expressed as a polynomial in the Lefschetz motive L := [A 1 ].
Theorem 2 (Motive of the Hom stack Hom n (P 1 , P( λ))). If char(K) does not divide λ i for all 0 ≤ i ≤ N of λ = (λ 0 , . . . , λ N ) with | λ| := N i=0 λ i . The Grothendieck class of the Hom stack [Hom n (P 1 , P( λ))] in the Grothendieck ring of K-stacks K 0 (Stck K ) is equivalent to
Since any finite type algebraic F q -stack X admits a smooth cover Y → X by a F q -scheme of finite type, the set |X (F q )| of isomorphism classes of F q -points is finite as |Y (F q )| is finite as well. Hence, we can define :
Definition 3. The weighted point count of X over F q is defined as a sum: # q (X ) := x∈|X (Fq)| 1 |Stab x (F q )| As the Grothendieck ring K 0 (Stck K ) is the universal object for the additive invariants, it is easy to see that when K = F q , the assignment [X] → # q (X) gives a well-defined ring homomorphism # q : K 0 (Stck Fq ) → Q (c.f. [Ekedahl, §2] ) giving the weighted F q -point count.
Corollary 4 (Point count of the Hom stack Hom n (P 1 , P( λ))). Fix the weight λ = (λ 0 , . . . , λ N ) with | λ| := N i=0 λ i . Suppose that char(F q ) does not divide λ i for all 0 ≤ i ≤ N . The weighted point count of the Hom stack Hom n (P 1 , P( λ)) over F q is # q Hom n (P 1 , P( λ)) = N i=0 q i · q | λ|n − q | λ|n−N .
Denote δ := gcd(λ 0 , . . . , λ N ) and ω := max gcd(λ i , λ j ) for 0 ≤ i, j ≤ N . Then the number of isomorphism classes of F q -points (i.e., non-weighted F q -point count) | Hom n (P 1 , P( λ))(F q )| satisfies δ · # q Hom n (P 1 , P( λ)) ≤ Hom n (P 1 , P( λ))(F q ) ≤ ω · # q Hom n (P 1 , P( λ)) .
In the following paper in progress [HP2] we consider the moduli stack Rat γ (P 1 , P( λ)) of rational maps of the smooth projective line with a vanishing constraint γ as well as the moduli stack Hom Γ (C, P( λ)) of genus 0 twisted maps of the orbifold projective line with a twisting data Γ. We prove the equivalence of the groupoid of K-points of the moduli stacks for any field K with char(K) ∤ λ i for all i. Similar to the application in [HP] and below, this work in progress is applied to the arithmetic of the moduli of unstable elliptic fibrations.
As an application, we now shift our focus to the moduli theory of algebraic surfaces as the classical theory of surfaces is essential in both the algebraic geometry and the arithmetic. The classification of algebraic surfaces took off with Enriques-Kodaira classification of compact complex surfaces over C which was later extended to the Mumford-Bombieri-Zariski classification of algebraic surfaces over any algebraically closed field where the classification of surfaces in characteristics = 2, 3 is identical to that over C; in characteristics 2 and 3 certain non-classical surfaces appear. The study of fibration, a flat proper surjective morphism f : X → C of an algebraic surface X over a smooth complete curve C, lies at the heart of the above birational classifications describing the complete nonsingular surface X with regard to their Kodaira (or canonical) dimension κ(X) ∈ {−∞, 0, 1, 2}.
Horikawa classified all the surfaces on the Noether line (K 2 ≥ 2χ − 6) in [Horikawa] . Essentially (with two exceptions) they turned out to be the genus two fibrations over P 1 . In general, any given general type surface X is a projective surface X ⊂ P N which admits a genus g ≥ 2 pencil that, when blown up at the base locus, becomes a semistable genus g ≥ 2 fibration over P 1 . Such insights reveal the significance of the fibered algebraic surfaces over P 1 with higher genus fibers. However, this is met with the translated difficulty of understanding the singular fibers of higher genus. As opposed to the [Kodaira, Néron, LL] classification of the singular fibers of the elliptic fibrations, the [Ogg, NU, Liu4] classification of the singular fibers of the genus 2 fibrations is already very complicated. And for the higher genus g ≥ 3 fibrations, the sheer number and the variety of singular fibers are overwhelming which renders their classifications intractable.
From the perspective of moduli theory by Abramovich, Vistoli and Hassett in [AV, AH] , understanding the stable fibered algebraic surfaces namely the stable surfaces fibered over curves with semistable fibers are important. In this regard, the Hom stack L 1,12n := Hom n (P 1 , M 1,1 ∼ = P(4, 6)) over basefield K with char(K) = 2, 3 which is isomorphic to the moduli stack of stable elliptic fibrations over P 1 with 12n nodal singular fibers and a marked Weierstrass section was formulated for the purpose of studying its arithmetic in [HP] . Naturally, the arithmetic study of the moduli stack of higher genus g ≥ 2 fibrations over P 1 is important from a myriad of different perspectives. The comprehension of such fine moduli as an algebraic stack is intrinsically a difficult problem as it pertains to the formulation of the moduli stack of algebraic surfaces of general type over K. We know by the classical work in [Gieseker] that there is the coarse moduli space of canonical models of general type surfaces with basic discrete invariants (χ, K 2 ) exists as a quasi-projective variety M χ,K 2 called the Gieseker moduli space. Describing M χ,K 2 explicitly poses a formidable challenge as they can be badly singular by [Catanese, Catanese2, Vakil] . Even with the formulation of the moduli stacks of higher genus g ≥ 2 fibrations over P 1 as the Hom stacks Hom n (P 1 , M g ), acquiring its arithmetic invariants is yet again met with hard obstructions by the global geometry of the Deligne-Mumford moduli stack M g of stable genus g curves formulated in [DM, KM, Igusa] . It is known that the coarse moduli space M g is of general type for g ≥ 24 by the fundamental works of Harris, Mumford and Eisenbud in [HM, EH] which in turn makes the study of (rational) curves on M g≥24 ineffective. Furthermore, the curves of genus g ≥ 2 have the automorphism groups that are non-abelian as shown in [CQ] which translates to the non-cyclotomic nature of M g .
Remarkably enough, it turns out that the rationality as well as the cyclotomic stack structure is true for the moduli stack of hyperelliptic curves with a marked Weierstrass point.
Definition 5. A smooth curve C of genus g ≥ 2 is called hyperelliptic if there exists a separable morphism φ : C → P 1 K of degree 2. If char(K) = 2 then φ is branched over 2g + 2 points called the Weierstrass points. (As char(K) = 2, a morphism of degree 2 is automatically separable).
In any characteristic, all curves of genus 2 are hyperelliptic which implies H 2 ∼ = M 2 and the generic curve of genus g ≥ 3 is not hyperelliptic which means that H g≥3 M g≥3 . As one needs to use a compactification of M g to investigate the stable genus g fibrations, we need a suitable compactification of H g . Since any smooth hyperelliptic curve C is characterized as a double cover of P 1 , we consider curves (possibly singular) with a degree 2 map into P 1 . This leads to the following definition equivalent to a special case of [Fedorchuk, Definition 2.5 
] :
Definition 6. Fix a K-point ∞ ∈ P 1 K . A curve C of genus g ≥ 2 is quasi-admissible if it is hyperelliptic via φ : C → P 1 K simply branched over ∞ and admits at worst A 2g−1 singularities. There are mainly two reasons to work with this definition. First of all, we show in Theorem 34 that the Deligne-Mumford moduli stack H 2g [2g − 1] of quasi-admissible hyperelliptic curves of genus g is isomorphic to P(4, 6, 8, . . . , 4g + 2) if char(K) = 0 or char(K) > 2g + 1 . By using this, we can simply take the Hom stacks above to construct the moduli stack L g of quasi-admissible hyperelliptic genus g fibrations over P 1 with a marked Weierstrass section (see Definition 33).
Additionally, by the works of Lockhart and Liu, we have a natural definition (see Definition 37) of a hyperelliptic discriminant ∆ g of a quasi-admissible hyperelliptic curve C of arithmetic genus g specified from the explicit Weierstrass equations of C as in [Lockhart, Liu3] :
Note that such an odd degree hyperelliptic curves always have a unique rational point at infinity, which we denote ∞. Also for any given odd degree hyperelliptic curve, because the degree of f (x) is coprime to the degree of y 2 , we can always scale x and y so that f (x) is monic.
By working out the birational geometry of surfaces over char(K) = 0 as well as char(K) > 2g + 1 in section 4.1, we construct a geometric transformation from Q g (K) the K-points of the moduli functor Q g of the quasi-stable (which includes the semistable) hyperelliptic genus g fibrations (see Definition 31) over P 1 with a marked Weierstrass section to L g (K) the K-points of the moduli functor L g . In fact, this transformation is injective :
Theorem 7. If char(K) = 0 or char(K) > 2g + 1, then there is a canonical monomorphism of groupoids F : Q g (K) → L g (K). In particular, the image of F consists of quasi-admissible hyperelliptic genus g fibrations with nonsingular geometric generic fibers.
We now present the Main result for the arithmetic of the moduli stack L g,|∆g| of quasi-admissible hyperelliptic genus g fibrations over P 1 with a hyperelliptic discriminant of degree |∆ g | = 4g(2g+1)n and a marked Weierstrass section.
Corollary 8 (Motives and weighted point counts of L g,|∆g| ). If char(K) = 0 or char(K) > 2g + 1,
2i + 2 = 2g(2g + 3), dim K (P( λ g )) = 2g − 1 and |∆ g | = 4g(2g + 1)n such that L g,|∆g| := Hom n (P 1 , H 2g [2g − 1]), then
For a fixed finite field F q and a degree n, the arithmetic of the moduli stack log q # q (L g,|∆g| ) grows quadratically 2g(2g + 3) = 4g 2 + 6g for genus g in terms of the weighted F q -point count.
In conclusion, we now turn our focus to the problem of counting the arithmetic curves over global fields which is the central problem of the arithmetic geometry as well as the number theory. In this regard, Gerd Faltings' famous work in 1983 [Faltings] proved the conjecture made by Louis J. Mordell in 1922 [Mordell] which states that if C is a curve of genus g ≥ 2 over Q, then C(Q) is always finite. He showed the finiteness of C(Q) as a corollary regarding the finiteness of the number of truly varying families of the curves over Q which was conjectured by Igor Shafarevich in his 1962 address at the International Congress in Stockholm [Shafarevich] .
Problem 9 (Shafarevich's conjecture for curves). Let S be a finite set of prime ideals O the ring of integers of the number field K. How many distinct K-isomorphism classes of curves X/K are there, of genus g ≥ 2 and possessing good reduction at all primes P / ∈ S?
Through the global fields analogy, which says that global function field F q (t) and algebraic number field Q are expected to share many properties (see Section 5). We consider the geometric Shafarevich's conjecture for the squarefree odd hyperelliptic curves with a marked Weierstrass point over global function fields. Since a quasi-admissible hyperelliptic genus g fibration f : X → P 1 Fq is an odd degree hyperelliptic curve over P 1
Fq with a marked Weierstrass point, we acquire the following count by bounding the height of hyperelliptic discriminant ∆ g (X) when char(F q ) > 2g + 1
The counting of quasi-admissible hyperelliptic genus g curves with a marked Weierstrass point over P 1 Fq by ht(∆ g (X)) = q 4g(2g+1)n ≤ B satisfies the following inequality:
4g+2 − 1 implying that the sharp asymptotic which can be found genus-by-genus with B = q 4g(2g+1)n for some n ∈ N has the leading term of order O B 2g+3 4g+2
with the lower order terms of corresponding orders.
What our theorem shows in this context is that if we restrict our attention to hyperelliptic curves with a marked Weierstrass point, then for all genus g ≥ 2 (the genus 1, the elliptic case is done in [HP, Theorem 3] ), we show there are finite number of truly varying families over global function field F q (t). Additionally, we are able to show that the finiteness is governed by the sharp asymptotic with explicit polynomial upper bounds that grows linearly in genus g over F q with char(F q ) > 2g+1.
We explicitly compute Z g,Fq(t) (B) for the g = 2 case as all genus 2 curves are hyperelliptic.
Theorem 11 (Computation of Z 2,Fq(t) (B)). The counting of quasi-admissible genus 2 curves with a marked Weierstrass point over P 1
Fq by ht(∆ 2 (X)) = q 40n ≤ B satisfies the following inequality:
which is an equality when B = q 40n for some n ∈ N implying that the acquired upper bound is a sharp asymptotic of order O B and zeroth order.
Whereas for higher genus, Z g≥3,Fq(t) (B) are only counting the hyperelliptic curves.
Theorem 12 (Computation of Z 3,Fq(t) (B)). The counting of quasi-admissible hyperelliptic genus 3 curves with a marked Weierstrass point over P 1 Fq by ht(∆ 2 (X)) = q 84n ≤ B satisfies the following inequality:
which is an equality when B = q 84n for some n ∈ N implying that the acquired upper bound is a sharp asymptotic of order O B and zeroth order.
Lastly, we formulate the following conjectures by passing the above asymptotic through the global fields analogy by the bounded height of the hyperelliptic discriminant ∆ g :
Conjecture 13 (Heuristic on Z g,Q (B)). The counting Z g,Q (B) of odd degree hyperelliptic genus g curves with a marked rational Weierstrass point over Z by ht(∆ g ) ≤ B follows from the sharp asymptotic counting on Z g,Fq(t) (B) through the global fields analogy. Namely, Z g,Q (B) has the leading term of order O B and zeroth order (i.e., constant).
In light of the Mordell's conjecture regarding the finiteness of the the rational points C(Q) for the odd degree hyperelliptic curves that we consider in this paper, the work of Poonen and Stoll in [PSt] proves that most odd degree hyperelliptic curves have only one rational point by showing the lower density of odd degree hyperelliptic curves C over Q of genus g ≥ 2 such that C(Q) = {∞} is at least 1 − (12g + 20)2 −g . This implies that for almost all odd degree hyperelliptic curves in the sense as g tends to infinity, ∞ is not only the only Weierstrass point but also the only rational point over Q.
Over global function fields where the analogous question is in asking if there are finite number of sections as F q (t)-rational points, we find another proof of the geometric Mordell's conjecture for the finiteness of sections in similar spirit as the works of [Manin, Grauert] and many others through the Parshin's covering construction.
Corollary 14 (Geometric Mordell's conjecture for the odd degree hyperelliptic curves). If char(F q ) > 2g + 1, then there are only finitely many sections for any non-isotrivial family of odd degree hyperelliptic genus g curves over F q (t).
Proof. Parshin's covering construction ([Parshin, Proposition 7, Remark 2] see also [Parshin2] ) establishes that Mordell's conjecture is a corollary of Shafarevich's conjecture on the finiteness of truly varying families of curves with a set of bad reduction points through finite degree covering map φ with the deg φ ≤ 2 2g . Our counting Z g,Fq(t) (B) on odd degree hyperelliptic genus g curves over F q (t) by Theorem 10 gives finiteness which implies the result.
Our project could be considered as an extension of the beautiful work done in [EVW] by Jordan S. Ellenberg, Akshay Venkatesh and Craig Westerland. They proved in loc.cit. a function field analogue of the Cohen-Lenstra heuristics on distributions of class groups by point counting the Hurwitz spaces parametrizing branched covers of the complex projective line. As the branched covers of the P 1 are the fibrations with 0-dimensional fibers, the moduli of fibrations f : X → P 1 on fibered surfaces X with 1-dimensional fibers is the next most natural case to work on. The counting technique in our project is driven largely by the inspiring work of Benson Farb and Jesse Wolfson [FW] which in turn was motivated by the ideas in Graeme Segal's classical paper [Segal] .
Moduli stack of rational curves on weighted projective stack P( λ)
In this section, we formulate the moduli stack of morphisms Hom n (P 1 , P( λ)) where the domain is the smooth projective line P 1 and the target is the N -dimensional weighted projective stack P( λ)
We first recall the definition of the N -dimensional weighted projective stack P( λ) .
Definition 15. Fix a tuple of nondecreasing positive integers λ = (λ 0 , . . . , λ N ). The N -dimensional weighted projective stack P( λ) associated to the weight λ is defined as a quotient stack
In this case, the degree of x i 's are λ i 's respectively. A line bundle O P( λ) (m) is defined to be a line bundle associated to the sheaf of degree m homogeneous rational functions without poles on A N +1
x 0 ,...,x N \ 0.
The Picard group of P( λ) is infinite cyclic specifically Pic(P( λ)) = Z [Noohi, Proposition 6.4]. Note that P( λ) is not an (effective) orbifold when gcd(λ 0 , . . . , λ N ) = 1. In this case, the cyclic isotropy group Z gcd(λ 0 ,...,λ N ) is the generic stabilizer of P( λ). Nevertheless, the following proposition shows that it behaves well in most characteristics as a tame Deligne-Mumford stack:
Proof. For any algebraically closed field extension K of K, any point y ∈ P( λ)(K) is represented by the coordinates (y 0 , . . . , y N ) ∈ A N +1 K with its stabilizer group as the subgroup of G m fixing (y 0 , . . . , y N ). Hence, any stabilizer group of such K-points is Z u where u divides λ i for some i. Since the characteristic of K does not divide the orders of Z λ i for any i, the stabilizer group of y is K-linearly reductive. Hence, P( λ) is tame by [AOV, Theorem 3.2] . Note that the stabilizer groups constitute fibers of the diagonal ∆ : P( λ) → P( λ) × K P( λ). Since P( λ) is of finite type and Z u 's are unramified over K whenever u does not divide λ i for some i, ∆ is unramified as well. Therefore, P( λ) is also Deligne-Mumford by [Olsson2, Theorem 8.3.3 ].
The tameness is analogous to flatness for stacks in positive/mixed characteristic as it is preserved under base change by [AOV, Corollary 3.4] . Moreover, if a stack X is tame and Deligne-Mumford, then the formation of the coarse moduli space c : X → X commutes with base change as well by [AOV, Corollary 3.3] .
Example 17. When the characteristic of the field K is not equal to 2 or 3, [Hassett, Proposition 3.6] shows that the proper Deligne-Mumford stack of stable elliptic curves (M 1,1 ) K ∼ = [(Spec K[a 4 , a 6 ]− (0, 0))/G m ] = P K (4, 6) by using the short Weierstrass equation y 2 = x 3 + a 4 x + a 6 x, where ζ · a i = ζ i · a i for ζ ∈ G m and i = 4, 6. Thus, a i 's have degree i's respectively. Note that this is no longer true if characteristic of K is 2 or 3, as the Weierstrass equations are more complicated.
The smooth toric Deligne-Mumford stacks with the cyclic Picard group is characterized as P( λ).
Proposition 18 (Proposition 7.28. of [FMN] ). Let X be a complete toric Deligne-Mumford stack of dimension N such that its Picard group is cyclic. Then there exists unique up to order λ =
We now generalize the Hom stack formulation to the N -dimensional weighted projective stack P( λ) as follows.
Proposition 19. The Hom stack Hom n (P 1 , P( λ)) with λ = (λ 0 , . . . , λ N ) such that λ i ∈ N for all
As G m acts on T properly with positive weights λ i > 0 for all 0 ≤ i ≤ N , the quotient stack [T /G m ] is separated. It is also tame as in [AOV, Theorem 3 .2] since char(K) does not divide λ i for any i .
3. Motive/Point count of Hom n (P 1 , P( λ))
In this section, we show that the Grothendieck class of [Hom n (P 1 , P( λ))] ∈ K 0 (Stck K ) in the Grothendieck ring of K-stacks is expressed as a polynomial in the Lefschetz motive L := [A 1 ] governed by the geometric constants (n, N, | λ|) which are the degree n of the rational curve as
To perform a weighted point count on Hom n (P 1 , P( λ)), we use the idea of cut-and-paste by Grothendieck:
Definition 20. [Ekedahl, §1] Fix a field K. Then the Grothendieck ring K 0 (Stck K ) of algebraic stacks of finite type over K all of whose stabilizer group schemes are affine, is an abelian group generated by isomorphism classes of K-stacks [X ] of finite type, modulo relations:
Given an algebraic K-stack X of finite type with affine diagonal, the motive of X refers to [X ] ∈ K 0 (Stck K ).
Since many algebraic stacks can be written locally as a quotient of a scheme by an algebraic group G m , the following lemma (originally from [Ekedahl, §1] ) is very useful:
The proof of Theorem 2 involves the following variety of its own interest (a slight generalization of [FW, Definition 1.1]) :
as the set of tuples (f 1 , . . . , f m ) of monic polynomials in K[z] so that
(1) deg f i = d i for each i, and
(2) f 1 , . . . , f m have no common roots in K.
The condition that (f 1 , . . . , f m ) ∈ K[z] have no common root is given by the equation R(f 1 , . . . , f m ) = 0 where R is the resultant. The classical theory of discriminants and resultants tells us that Poly
is an algebraic variety defined over Z.
Generalizing the proof of [FW, Theorem 1.2] with the correction from [PSp, Proposition 4] , we can find the motive of Poly
Proof. The proof is analogous to [FW] , Theorem 1.2 (1) with the correction from [PSp, Proposition 4] , and is a direct generalization of Proposition 15 in [HP] . Here, we recall the differences to the work in [FW, HP, PSp] .
Step 1: The space of (f 1 , . . . , f m ) monic polynomials of degree d 1 , . . . , d m is instead the quotient
: the space of monic polynomials (f 1 , . . . , f m ) of degree d 1 , . . . , d m respectively for which there exists a monic h ∈ K[z] with deg(h) ≥ k and monic polynomials g i ∈ K[z] so that f i = g i h for any i. The rest of the arguments follow analogously, keeping in mind that the group action is via S d 1 ×· · ·×S dm .
Step 2: Here, we prove that R [FW] , the base case of k = 0 follows from the definition. For k ≥ 1, the rest of the arguments follow analogously just as in Step 2 of loc. cit. where the isomorphism over Z of the morphism Ψ : Poly
is provided by the proof of [PSp, Proposition 4] .
Step 3: By combining Step 1 and 2 as in [FW] , we obtain
For the induction on the class Poly (d 1 ,...,dm) 1 , we use lexicographic induction on the pair (d 1 , . . . , d m ). For the base case, consider when d 1 = 0. Here the monic polynomial of degree 0 is nowhere vanishing, so that any tuple of polynomials of degree d i for i > 1 constitutes a member of Poly
Now we are ready to prove Theorem 2.
Then the Hom stack Hom n (P 1 , P( λ)) ∼ = [T /G m ] is the quotient stack by the proof of Proposition 19. By Lemma 21, we have [Hom n (P 1 , P( λ))] = (L − 1) −1 [T ]. Henceforth, it suffices to find the motive [T ]. To do so, we need to reinterpret T as follows.
Fix a chart A 1 ֒→ P 1 with x → [1 : x], and call 0 = [1 : 0] and ∞ = [0 : 1]. It comes from a homogeneous chart of P 1 by [Y : X] with x := X/Y away from ∞. Then for any u ∈ H 0 (O P 1 (d)) with d ≥ 0, u is a homogeneous polynomial of degree d in X and Y . By plugging in Y = 1, we obtain a representation of u as a polynomial in x with degree at most d. For instance, deg u < d as a polynomial in x if and only if u(X, Y ) is divisible by Y , i.e., u vanishes at ∞. From now on, deg u means the degree of u as a polynomial in x. Conventionally, set deg 0 := −∞.
Therefore, T parametrizes a N -tuple (f 0 , . . . , f N ) of polynomials in K[x] with no common roots in K, where deg f i ≤ nλ i for each i with equality for some i. This interpretation gives the following diagram:
is defined as a variety consisting of tuples (f 0 , . . . , f N ) of K-polynomials without common roots such that
• for any j / ∈ J, then f j is monic of degree nλ j , and • for any j ∈ J, then deg f j < nλ j (f j is not necessarily monic).
it suffices to find [F J (n λ)] as a polynomial of L.
We prove by lexicographical induction on the ordered pairs (N, m) such that N > 0 and 0 ≤ m < N + 1. There are two base cases to consider:
(1) If m = 0, then 0 = ∅, so that F ∅ ( d) ∼ = Poly 
Observe that f 0 cannot be 0, otherwise f 1 has no roots while having positive degree, which is a contradiction. Since f 0 can be written as a 0 g 0 for g 0 monic of degree deg f 0 and a 0 ∈ G m , F 1 ( d) decomposes into the following locally closed subsets:
Therefore,
In general, assume that the statement is true for any (N ′ , m ′ ) whenever N ′ < N or N ′ = N and m ′ ≤ m. If m + 1 < N + 1, then we want to prove the assertion for (N, m + 1). We can take the similar decomposition as the base case (1, 1), except that we vary the degree of f m , which is the (m + 1)-st term of (f 0 , . . . , f N ) ∈ F m+1 ( d), and f m can be 0. If f m = 0, then (f 0 , . . . , f m , . . . , f N ) have no common roots, so that (f 0 , . . . , f m , . . . , f N ) ∈ F m (d 0 , . . . , d m , . . . , d N ) (and vice versa). Henceforth, as a set, 
This finishes the proof of Theorem 2.
3.2. (Non-)Weighted point count of Hom n (P 1 , P( λ)) over finite fields. Fix the basefield K = F q a finite field. Here, we exhibit facts about weighted point counts # q (Hom n (P 1 , P( λ))) and non-weighted point counts | Hom n (P 1 , P( λ))(F q )| (i.e., the number of isomorphism classes of F q -points), as consequences of Theorem 2.
First, we prove the Corollary 4 below :
Proof of Corollary 4. The first part of the Corollary follows as # q :
For the second part, notice that for each ϕ ∈ Hom n (P 1 , P( λ)), it contributes 1 towards | Hom n (P 1 , P( λ))(F q )| instead of for # q (Hom n (P 1 , P( λ))) . Thus, we need to check that for any ϕ ∈ Hom n (P 1 , P( λ))(F q ) with δ := gcd(λ 0 , . . . , λ N ) and ω := max gcd(λ i , λ j ) for 0 ≤ i, j ≤ N , the stabilizer group satisfies the following :
δ ≤ |Stab(ϕ)| ≤ ω .
By Proposition 19, we can represent ϕ as a tuple (f 0 , . . . , f N ) of sections f i ∈ H 0 (O P 1 Fq (nλ i )), with equivalence relation given by a G m -action. Since the stabilizer group of ϕ is identified with the subgroup of G m fixing (f 0 , . . . , f N ), Stab(ϕ) consists of u ∈ G m (F q ) such that u λ i f i = f i for any i . Since f i 's have no common root and the degree of the morphism ϕ is n ≥ 1, at least two of those are nonzero; call I to be the set of i's with f i = 0 . Then, u λ i = 1 for any i ∈ I, so that u is a gcd(λ i : i ∈ I) th root of unity. This shows that Stab(ϕ) is a finite cyclic group of order gcd(λ i : i ∈ I), proving the second part of the Corollary.
Above proof shows that computing stabilizer groups of F q -points of Hom n (P 1 , P( λ)) is the key ingredient for comparing between weighted and non-weighted point counts. Since the stabilizer group of an equivalence class (f 0 , . . . , f N ) depends on which f i is 0, we can characterize such regions as follows:
Definition 26. Fix J to be a subset of indices {0, 1, . . . , N }, where λ = (λ 0 , . . . , λ N ) . Then, U (J) is defined to be a locally closed substack of Hom n (P 1 , P( λ)), consisting of equivalence classes of elements (f 0 , . . . , f N ) ∈ T with f j = 0 for any j ∈ J .
Above definition combined with the proof of Corollary 4 gives an algorithm for computing | Hom n (P 1 , P( λ))(F q )| :
Proposition 27.
| Hom n (P 1 , P( λ))(F q )| = I⊂{0,...,N } |I|≥2
[U (I)] · gcd(λ i : i ∈ I)
Note that writing a closed-form formula for | Hom n (P 1 , P( λ))(F q )| is difficult in general, as modular arithmetic is used and computing [U (I)] from Hom n (P 1 , P( λ)) involves fairly involved inclusion-exclusion formula of terms [Hom n (P 1 , P( λ J )] where λ J is a subtuple of λ only involving λ j for j ∈ J ⊂ {0, . . . , N } . Nevertheless, it is possible to obtain a closed-form formula by hand for special cases (Proposition 39 is a good example). 4. Moduli stack L g,|∆g| of quasi-admissible hyperelliptic genus g fibrations over P 1
In this section, we first define a rational fibration with a marked section which allows us to define a hyperelliptic genus g fibration with a marked Weierstrass section as a double cover fibration. Subsequently, we focus on a quasi-admissible hyperelliptic genus g fibration over P 1 with a marked Weierstrass section which is a family of hyperelliptic genus g curves over F q (t) with a marked Weierstrass point we consider in this paper. For detailed references on hyperelliptic fibrations or fibered algebraic / arithmetic surfaces over a field of characteristic zero or positive characteristic, we refer the reader to [Liu, BHPV, Liedtke] .
Recall that a hyperelliptic curve C is a separable morphism φ : C → P 1 of degree 2. In order to extend the notion of hyperelliptic curve C into family, we first generalize the notion of rational curve P 1 into family.
Definition 28. A rational fibration with a marked section is given by a flat proper morphism h : H → P 1 of pure relative dimension 1 with a marked section s ′ : P 1 → H such that
(1) any geometric fiber h −1 (c) is a reduced connected nodal rational curve (so that arithmetic genus is 0), and (2) s ′ (P 1 ) is in the smooth locus of H. If the geometric generic fiber of h is a smooth rational curve, then we call (H, h, s ′ ) a P 1 -fibration.
We will occationally call (H, h, s ′ ) a rational fibration when there is no ambiguity on the marked section s ′ . Note that we allow a rational fibration H to be reducible (when generic fiber is a nodal chain), and a P 1 -fibration can be singular. The double cover fibration of the rational fibration gives us the hyperelliptic genus g fibration with a marked Weierstrass section.
Definition 29. A hyperelliptic genus g fibration with a marked Weierstrass section consists of a tuple (X, H, h, f, s, s ′ ) of a rational fibration h : H → P 1 , a flat proper morphism f : X → H of degree 2 with X connected and reduced, and sections s : P 1 → X and s ′ : P 1 → H such that (1) Each geometric fiber (h • f ) −1 (c) is a connected 1-dimensional scheme of arithmetic genus g with red((h • f ) −1 (c)) having type A-singularities (étale locally, A n -singularities are of the form x 2 + y n+1 = 0), (2) s(P 1 ) is contained in the smooth locus of h • f and is away from the non-reduced locus of any fiber, (3) s ′ = f • s and s(P 1 ) is a connected component of the ramification locus of f (i.e., s ′ (P 1 ) is a connected component of the branch locus of f ), and (4) if p is a node of a geometric fiber h −1 (c), then any q ∈ f −1 (p) is a node of the fiber (h • f ) −1 (c) . The underlying genus g fibration is a tuple (π := h • f, s) with π : X → P 1 a flat proper morphism with geometric fibers of arithmetic genus g with a marked Weierstrass point given by s.
Note 30. An isomorphism between hyperelliptic genus g fibrations (X 1 , H 1 , h 1 , f 1 , s 1 , s ′ 1 ) and (X 2 , H 2 , h 2 , f 2 , s 2 , s ′ 2 ) is given by a pair of isomorphisms α : X 1 → X 2 and β : H 1 → H 2 such that
(1) h 2 • β = h 1 and f 2 • α = β • f 1 (P 1 -isomorphism criteria), and
(2) β • s = s ′ (compatibility with sections).
Recall that a fibration with a section is said to be semistable if the total space is nonsingular and all its fibers are reduced nodal curves such that each smooth rational component meets the other components and the section at no less than 2 points. The quasi-stable fibration is defined as the semistable fibration without the reduced condition on the fibers. This leads to the following definition:
Definition 31. A quasi-stable hyperelliptic genus g fibration with a marked Weierstrass section is a hyperelliptic genus g fibration (X, H, h, f, s, s ′ ) with X nonsingular, any geometric fiber of π : X → P 1 is nodal, and K X + s(P 1 ) is π-nef. We assume that X is not isotrivial, i.e., the trivial hyperelliptic fiber bundle over P 1 with no singular fibers.
Moreover, if every geometric fiber is reduced, then (X, H, h, f, s, s ′ ) is called a semi-stable hyperelliptic genus g fibration with a marked Weierstrass section.
Conditions in the above definition implies that (X, s(P 1 ))/P 1 is minimal (c.f. [Tanaka, Theorem 6.5] ). In particular, (X, s(P 1 ))/P 1 is relatively minimal as there are no smooth rational curves of self-intersection −1 in a fiber without meeting s(P 1 ). Note that the generic fiber cannot be reducible, implying that the corresponding rational fibration is indeed a P 1 -fibration.
Example 32. Suppose that (X, H, h, f, s, s ′ ) is a quasi-stable hyperelliptic genus g fibration with a marked Weierstrass section. Then, it is possible that f : X → H in aétale local neighborhood of p ∈ H is the map A 2
x,y → A 2 x,y /µ 2 , where µ 2 acts on A 2 x,y by (x, y) → (−x, −y) . In this case, π can be given by A 2
x,y → A 1 z by z = xy . Note that H admits an A 1 -singularity at p, f −1 (p) is a node of a fiber of π, but X is nonsingular.
On the other hand, consider the blowup Bl p H → H with the exceptional curve E. Since E 2 = −2, we canétale locally take the double cover of Bl p H → H branched along E, giving us a smooth surface X ′ . It is easy to see that X ′ isétale locally isomorphic to the pullback of f along the blowup. In this case, the fiber of induced π ′ : X ′ → P 1 containing the reduced preimage E ′ of E has multiplicity 2 at E ′ (as the map X ′ → Bl p H is ramified over E). Since (E ′ ) 2 = −1, X ′ is not minimal, thus contracting E ′ on X ′ is necessary to obtain a semistable hyperelliptic genus g fibration (resulting singularites on H).
Example 32 illustrates that a general quasi-stable hyperelliptic genus g fibration often gives a singular P 1 -fibration. On the other hand, we could instead consider the hyperelliptic fibrations with singular X but smooth P 1 -bundle H. Then, each fiber of X is irreducible and is a double cover of P 1 branched over 2g + 2 number of points, where many of these points could collide. For instance, if l branch points collide, then the preimage has A l−1 -singularity on the fiber, givenétale locally by an equation y 2 − x l = 0 . Such a curve is called the quasi-admissible hyperelliptic curve, defined in Definition 6. This leads to the following definition:
Definition 33. A hyperelliptic fibration (X, H, h, f, s, s ′ ) is quasi-admissible if for every geometric point c ∈ C, f restricted to the fibers of X and H is a quasi-admissible hyperelliptic cover. We assume that X is not isotrivial, i.e., all geometric fibers are isomorphic.
In particular, a quasi-admissible hyperelliptic fibration (X, H, h, f, s, s ′ ) has the property that H is a P 1 -bundle, and on each geometric fiber of H, each point of the branch divisor away from s ′ has the multiplicity at most 2g . Moreover, X is the double cover of H branched along the branch divisor (which coincides with the branch locus).
To parametrize such fibrations, we first consider the moduli stack H 2g [2g − 1] of quasi-admissible hyperelliptic genus g curves characterized by [Fedorchuk, Proposition 4 
.2(1)] :
Theorem 34. If p := char(K) is 0 or bigger than 2g + 1, then the moduli stack H 2g [2g − 1] of quasi-admissible hyperelliptic genus g curves is a tame Deligne-Mumford stack isomorphic to P(4, 6, 8, . . . , 4g + 2), where a point (a 4 , a 6 , a 8 , . . . , a 4g+2 ) of P(4, 6, 8, . . . , 4g + 2) corresponds to the quasi-admissible hyperelliptic genus g curve with the Weierstrass equation
Proof. Proof of [Fedorchuk, Proposition 4.2(1) ] is originally done when p = 0, so it suffices to show that the proof in loc.cit. extends to the case when p > 2g + 1 . When p = 0, the proof of loc.cit. shows that the quasi-admissible hyperelliptic curves are characterized by the base P 1 with the branch locus of degree 2g + 1 on A 1 = P 1 \ ∞, of the form
where a 2 = 0 and not all of the rest of a i 's vanish. When p > 2g + 1, any monic polynomial of degree 2g + 1 with not all roots being identical can be written in the same way (via same method) by replacing x by x − a 2 (2g+1) (this is allowed as 2g + 1 < p is invertible). Hence, the moduli stack is indeed isomorphic to P(4, 6, 8, . . . , 4g + 2), with a 2i 's referring to the standard coordinates of P(4, 6, 8, . . . , 4g + 2) of degree 2i .
Since p > 2g + 1. P(4, 6, 8, . . . , 4g + 2) is tame Deligne-Mumford by Proposition 16 .
Assigning H 2g [2g − 1] as the target stack, we can now formulate the moduli stack L g of quasiadmissible hyperelliptic genus g fibrations with a marked Weierstrass section as the following :
Proposition 35. Assume that p := char(K) is 0 or bigger than 2g + 1. Then, the moduli stack L g of quasi-admissible hyperelliptic genus g fibrations over P 1 with a marked Weierstrass section is the tame Deligne-Mumford stack Hom n>0 (P 1 , H 2g [2g − 1]) parameterizing the morphisms f :
Proof. By the definition of the universal family p, any quasi-admissible hyperelliptic genus g fibration f : Y → P 1 comes from a morphism ϕ f : P 1 → H 2g [2g − 1] and vice versa. As this correspondence also works in families, we can formulate the moduli L g of quasi-admissible hyperelliptic genus g fibrations as a substack of Hom(P 1 , H 2g [2g − 1]). As H 2g [2g − 1] is tame Deligne-Mumford by Theorem 34, the Hom stack Hom(P 1 , H 2g [2g − 1]) is Deligne-Mumford by [Olsson] . Tameness follows from [AOV] , as H 2g [2g − 1] itself is tame.
Since any quasi-admissible hyperelliptic genus g fibration f is not isotrivial, ϕ f must be a nontrivial morphism. Since non-trivialness of a morphism is an clopen condition, the corresponding clopen locus (consisting of the union of connected components) Hom n>0 (P 1 , H 2g [2g − 1]) has the same properties as Hom(P 1 , H 2g [2g − 1]) discovered above. Now we are now ready to prove Theorem 7 which relates the moduli functor L g of quasi-admissible fibrations and the moduli functor Q g of quasi-stable (which includes the semistable) fibrations. 4.1. Proof of Theorem 7. Recall that the monomorphism of groupoids means fully faithful embedding of groupoids (interpreted as categories).
Step 1. Construction of F : Q g (K) → L g (K). Fix any member of Q g (K), i.e., a quasistable hyperelliptic genus g fibration (X, H, h, f, s, s ′ ) . Denote B to be the divisorial part of the branch locus of f : X → H (B is also called branch divisor in literature). Notice that h restricted to B has degree 2g + 2. Take h-log canonical model of (H, 1 2g B + s ′ (C))/P 1 K to obtain a birational P 1
where H ′ is a rational fibration over K and D ′ is a R-divisor of H ′ defined over K (see [HP, §3 and proof of Proposition 11] for the construction of relative minimal model program). Since the only minimal rational curve defined over an algebraically closed field with 1 2g weights on (2g + 1) points and weight 1 on another point is a smooth rational curve where the point of weight 1 is distinct from the other points (of weight 1 2g ), H ′ is a P 1 -fibration (given by h ′ : H ′ → P 1 K ) as every geometric fiber of (H ′ , D ′ ) is minimal. This description shows that D ′ decomposes into 1 2g A ′ + T ′ where A ′ is a divisor of H ′ and T ′ consists of weight 1 points on each geometric fiber of H ′ /P 1 K . Thus, T ′ comes from a section t ′ of h ′ . We will show that H ′ is the P 1 -fibration associated to the desired quasi-admissible hyperelliptic genus g fibration.
To finish the construction of the quasi-admissible fibration, take Stein factorization on ϕ•f . This gives a finite morphism f ′ : X ′ → H ′ and a morphism ψ : X → X ′ with geometrically connected fibers such that ϕ • f = f ′ • ψ . Since f is finite of degree 2 and ϕ is birational, f ′ is finite of degree 2 and ψ is birational. Moreover, B ′ := A ′ + T ′ is the branch locus of f ′ . By calling t to be the unique
To see that F is faithful, suppose that there are two isomorphisms
between quasi-stable fibrations that induce the same isomorphism under F :
From the construction of F shown above, X j and X ′ j are birational and H j and H ′ j are birational as well. Since they are separated varieties over K, (α 1 , β 1 ) must be equal to (α 2 , β 2 ) , hence F is faithful.
Before showing that F is full, we first want to verify that the image of F under Q g (K) is as described in the statement. It is necessary to understand the image of F first as we can relate the geometry of isomorphisms in L g (K) to Q g (K) .
Fix any quasi-admissible fibration (X ′ , H ′ , h ′ , f ′ , t, t ′ ) (coming from ϕ : P 1 → H 2g [2g − 1]) with nonsingular geometric generic fiber. Denote B ′ to be the branch divisor of f ′ : X ′ → H ′ . To construct a corresponding quasi-stable fibration (X, H, h, f, s, s ′ ) that maps to (X ′ , H ′ , h ′ , f ′ , t, t ′ ) via F, we first need to reinterpret quasi-admissible curves given by Equation (2).
Step 2. Reinterpretation of double covers as sheaves of algebras. The reference for next paragraph is [AP, §1.2] when K is algebraically closed, and we show in the next paragraph that the same theory holds for our purpose even when K is not algebraically closed.
Since any finite morphism is affine, we can reinterpret f ′ :
is locally free of rank 2 (as a O H ′ -module), the involution given by (x, y) → (x, −y) in Equation (2) decomposes f ′ * O X ′ naturally into a direct sum M ⊕ L −1 of line bundles, where M (resp. L −1 ) is the eigenspace corresponding to eigenvalue 1 (resp. −1) under the action of the involution. Since the quotient of X ′ by the (Z/2Z)-action (via involution) is H ′ , M ∼ = O H ′ . Since local sections of O X ′ with eigenvalue (−1) under the involution is given by a rational function y that vanishes on the ramification divisor of
) corresponding to the right hand side of Equation (2).
Step 3. Construction of an inverse image (X, H, h, f, s, s ′ ) of F(X ′ , H ′ , h ′ , f ′ , t, t ′ ). This construction is broken down into multiple substeps:
Step 3.1. Resolving singularities of X ′ and H ′ . The assumption on the geometric generic fiber of h ′ • f ′ implies that B ′ is a generically smooth K-curve in a nonsingular surface H ′ . First, resolve singularities of a curve B ′ in a smooth surface H ′ by repeated blowups on K-points of H ′ as explained in [Kollár2, Theorem 1.67] . This is called the minimal embedded resolution of (H ′ , B ′ ) . Similarly, we can instead take the log resolution (H ′′ , B ′′ ) of the pair (H ′ , B ′ ) by blowing up further on the minimal embedded resolution, where the union of B ′′ (the proper transform of B ′ ) and the support of the exceptional locus of the blowups δ : Here, we want to construct a double cover f : X → H, which has nonsingular total space. To do so, notice that δ * B ′ and B + E differ by an even divisor 2W , with support contained in the exceptional locus of δ . Since B ′ itself is even as seen above, B + E is even as well. Therefore, we can define X as a double cover of H branched along B + E . Since B + E is nonsingular, X is nonsingular as well.
Note that X as the double cover is given by
. Then, we can see that there is a corresponding morphism of O H -algebras
inducing η . To see that η is independent of choices, note that the above morphism on the second factor must be induced by ν, and it is easy to see that any other choice λν with λ ∈ K * gives arise the isomorphic O H -algebra. By lifting t, t ′ via δ to X and H respectively, we have a hyperelliptic fibration (X, H, h, f , t, t ′ with X and H nonsingular. All that is left is to massage this hyperelliptic fibration to obtain the desired quasi-stable fibration (X, H, h, f, s, s ′ ) .
Step 3.2. Contracting unnecessary curves in X and H via MMP. Finally, define H as the δ-minimal model of (H, 1 2 (B + E)) (see [Fujino, [7] [8] if charK = 0 and [Tanaka, Theorem 6.5] if charK > 0). H is given by a sequence of contractions of smooth rational curves that map to a point of H ′ with K H + 1 2 (B + E)-negative intersections. This procedure is called δ-MMP (shorthand for Minimal Model Program) on (H, 1 2 (B +E)). As a result, there is an induced morphism δ m : H → H and C · (K H + 1 2 (B + E)) ≥ 0 where B, E are images of B, E respectively and C is any curve in H mapping to a point under δ m .
Construction of the desired double cover f : X → H is done via induction on the individual steps of δ-MMP H → H . Denote the sequence of K H + 1 2 (B + E)-negative contractions as H =: 1) )-negative rational curve C i−1 ⊂ H (i−1) and B (i−1) , E (i−1) are images of B, E to H (i−1) respectively. The goal is to define a sequence of double covers f i : X (i) → H (i) branched over B (i) +E (i) and birational morphisms ρ i : X (i−1) → X (i) such that
(1) X (0) := X and f 0 := f (the base case),
(2) f i • ρ i = ǫ i • f i−1 for every i (commutativity), (3) X (i) is nonsingular for each i and f * i (K H (i) + 1 2 (B (i) + E (i) )) = K X (i) . Moreover, we claim that ρ i can be chosen as a composition of a sequence of contractions of smooth rational curves of self-intersection −1 that map to a point in X ′ . Once this is established, we can define X := X (l) and f := f l .
To prove this induction, suppose that we already have morphisms f j and ρ w for j, w ≤ i with above properties. Since ǫ i+1 • f i is proper, then the Stein factorization gives ǫ i+1
has connected fibers and f i+1 : X (i+1) → H (i+1) is finite. Observe that f i+1 has degree 2 as deg f i = 2, and is branched over the image
If f * i C i is irreducible, then by using the adjunction formula on
and this is an integer as f * i C i is contained in a smooth surface X (i) (i.e., f * i C i has Gorenstein singularities). Since 2p a (f *
is the arithmetic genus of f * i C i and any connected curve has arithmetic genus at least 0, p a (f * i C i ) = 0. Since the only irreducible curve of arithmetic 0 is a smooth rational curve, ρ i+1 is a contraction of one smooth rational curve f * i C i of self-intersection (f * i C i ) 2 = −1. Instead, if f * i C i = 2V as above (when V 1 = V 2 ), then f i induces an isomorphism between V and C i . Moreover, it is easy to see that both K X (i) · V and V 2 are negative. The adjunction formula as above implies that V 2 = −1, and ρ i+1 is a contraction of one smooth rational curve V of self-intersection −1 (c.f. Example 32).
The last remaining case is when f * i C i = V 1 + V 2 with V 1 and V 2 distinct. Then the involution automorphism gives K X (i) · V 1 = K X (i) · V 2 < 0 and V 2 1 = V 2 2 . As above, f i induces an isomorphism between V a to C i for a = 1, 2, so that V 2 a = −1 and K X (i) · V a = −1 similarly. Since 0 > (f * i C i ) 2 = −2+2V 1 ·V 2 , V 1 ·V 2 = 0, i.e., V 1 and V 2 are disjoint. Henceforth, ρ i+1 is a composition of contractions of disjoint curves V 1 and V 2 of self-intersection −1.
Therefore, ρ i+1 is a contraction of one (or two disjoint) smooth rational curve(s) of self-intersection −1 with its (their) preimage(s) contained in the exceptional divisor of η . Henceforth, X (i+1) is nonsingular and has an induced map to X ′ (we call η m : X → X ′ ). This proves the induction hypothesis, which gives the construction of f : X → H .
By defining the section s to be the pushforward of t under a sequence {ρ i } i of contractions, it remains to show that K X + s(P 1 ) is π-nef, where π := h • f and h : H → P 1 is the rational fibration structure. Equivalently, it suffices to check that each irreducible component C of any fiber of π has nonnegative intersection with K X + s(P 1 ) . Notice that such irreducible component is either an exceptional divisor of η m or is a proper transform of a fiber of X ′ under η m .
If C maps to a point in X ′ , then f * C is an exceptional divisor of δ m since X ′ is a double cover of H ′ . Then push-pull formula gives
where the last inequality follows from the description of H as δ-minimal model shown above.
On the other hand, if C is a proper transform of a fiber of X ′ , then C intersects s(P 1 ) transversely and η m (C) is a fiber of h ′ •f ′ : X ′ → H ′ . Henceforth, C is a reduced component of the corresponding fiber F of π and C 2 ≤ 0 . The adjunction formula gives C · (K X + C) = 2p a (C) − 2, so that K X · C ≥ 2p a (C) − 2 . If C is rational, then F has other irreducible components (since p a (F ) = g), so that C 2 < 0 and K X · C > −2 . Thus, (K X + s(P 1 )) · C ≥ 0 in this case. On the other hand, if p a (C) > 0, then K X · C ≥ 0 already.
Combining above, we have proved that K X + s(P 1 ) is π-nef, showing that F(X, H, h, f, s, s ′ ) is isomorphic to the given (X ′ , H ′ , h ′ , f ′ , t, t ′ ) where s ′ := f •s . Moreover, (X, s(P 1 )) is the η-minimal model of (X, t(P 1 )) by the uniqueness of the minimal model of surfaces.
Step 4. Fullness of F. Given any isomorphism ψ between (
with smooth geometric generic fiber for i = 1, 2, notice that ψ comes in pairs of isomorphisms ψ 1 : X ′ 1 → X ′ 2 and ψ 2 : H ′ 1 → H ′ 2 (so denote ψ = (ψ 1 , ψ 2 )). First, notice that ψ 2 lifts to an isomorphism ψ 2 : H 1 → H 2 where H ′ i is given as above by log-resolution and extra blowups.
Due to the commutativity of ψ 1 , ψ 2 , f 1 , f 2 as above, ψ 2 induces a unique isomorphism τ 2 : H 1 → H 2 (where H i for each i is the corresponding δ i -minimal model as above). Together with ψ 1 and the interpretation of X i 's as O H i -algebras, we obtain an induced isomorphism of algebras τ 1 : X 1 → X 2 (where each X i is the double cover of H i as in the construction). Since the induced morphisms also satisfy commutativity f 2 • τ 1 = τ 2 • f 1 , we have shown that the isomorphism τ = (τ 1 , τ 2 ) is a lift of ψ. This proves the fullness of F, therefore finishing the proof of Theorem 7.
Remark 36. Due to log abundance being a conjecture for higher dimensions and simultaneous log resolution of singularities may not exist, we face the same issue as in [HP, Remark 13] . To summarize, it is unclear whether F in the proof above extends, giving a functor from the moduli of quasi-stable hyperelliptic fibrations to L g , and even if it extends, it is still unclear whether the extension is still a monomorphism of moduli stacks. For details of this issue, refer to [HP, Remark 13] . 4.2. Hyperelliptic discriminant ∆ g of quasi-admissible hyperelliptic genus g fibration. As we consider fibrations over the smooth projective line P 1 the discriminant ∆ is a key invariant. For the quasi-admissible hyperelliptic genus g fibrations over P 1 with a marked Weierstrass section we have the work of [Lockhart, Liu3] which describes the hyperelliptic discriminant ∆ g .
Definition 37. [Lockhart, Definition 1.6, Proposition 1.10] The hyperelliptic discriminant ∆ g of the Weierstrass equation y 2 = x 2g+1 + a 4 x 2g−1 + a 6 x 2g−2 + a 8 x 2g−3 + · · · + a 4g+2 over basefield K with char(K) = 2 is ∆ g = 2 4g · Disc(x 2g+1 + a 4 x 2g−1 + a 6 x 2g−2 + · · · + a 4g+2 ) which has the deg(∆ g ) := |∆ g | equal to 4g(2g + 1) formally when we associate each variable a i with degree i.
Note that when g = 1, the discriminant ∆ 1 of the short Weierstrass equation y 2 = x 3 + a 4 x + a 6 coincides with the usual discriminant −16(4a 3 4 − 27a 2 6 ) of an elliptic curve. We can now formulate the moduli stack L g,|∆g| of quasi-admissible fibration over P 1 with a fixed discriminant degree |∆ g | = 4g(2g + 1) and a marked Weierstrass section :
Proposition 38. Assume that p := char(K) is 0 or bigger than 2g + 1. Then, the moduli stack L g,|∆g| of quasi-admissible hyperelliptic genus g fibrations over P 1 with a hyperelliptic discriminant of degree |∆ g | = 4g(2g + 1)n and a marked Weierstrass section is the tame Deligne-Mumford stack Hom n (P 1 , H 2g [2g − 1]) parameterizing the morphisms f : 
where a i 's are sections of O(in), since a i 's represent the coordinates of P(4, 6, . . . , 4g + 2). Then by Definition 37, it is straightforward to check that ∆ g has the degree 4g(2g + 1)n.
Observe that the above Proposition combined with the Corollary 4 proves the Corollary 8.
4.3.
Exact count of the F q -isomorphism classes L g,|∆g| (F q ) over finite fields. Fix n > 0, and recall that the degree of the hyperelliptic discriminant is |∆ g | = 4g(2g + 1)n for some n ∈ Z + by the Proposition 38. Note that a given ϕ g ∈ Hom n (P 1 , H 2g [2g − 1] ∼ = P( λ g )) can map into a special substack of P( λ g ). By using Corollary 4, Proposition 27, and Proposition 38, we can count exactly the F q -isomorphism classes L g,|∆g| (F q ) of quasi-admissible hyperelliptic fibrations when the genus is 2, 3 and 4 :
Proposition 39. The number L g,|∆g| (F q ) of F q -isomorphism classes of quasi-admissible hyperelliptic genus g = 2, 3, 4 fibrations over P 1 with a hyperelliptic discriminant of degree |∆ g | = 4g(2g + 1)n and a marked Weierstrass section when char(F q ) > 2g + 1 is equal to
And for higher genus g ≥ 5, corresponding exact count of L g,|∆g| (F q ) can be worked out similarly.
Proof. Recall that P( λ) in this case has the property that λ i = 4 + 2i for i = 0, . . . , 2g − 1 . For genus 2 case, notice that gcd(λ i : i ∈ I) in Proposition 27 is 2 except when I = {0, 2} ( corresponding to P(4, 8) P(4, 6, 8, 10)), taking value 4. Therefore, Proposition 27 gives # q (L 2,40n ) = = 2| Hom n (P 1 , P(4, 6, 8, 10))(F q )| + 2| Hom n (P 1 , P(4, 8))(F q )|
By following the Proposition 27, the explicit counting shown here can straightforwardly generalized to higher genus cases by identifying the special substack of P(4, 6, . . . , 4g + 2) with the order of the generic stabilizer group bigger than 2.
5.
Counting the odd degree hyperelliptic genus g curves over global fields by ∆ g In this section, we effectively answer the geometric Shafarevich's conjecture on the squarefree odd hyperelliptic curves over F q (t). We show the finiteness by the sharp asymptotic counting function Z g,Fq(t) (B) of quasi-admissible hyperelliptic genus g fibrations (Definition 31) with 4g(2g + 1)n nodal singular fibers and a marked Weierstrass section by the bounded height of the hyperelliptic discriminant ∆ g (X). We explicitly compute Z g,Fq(t) (B) by the arithmetic invariant |L g,|∆g| (F q )| in the global function field setting which proves a family of new sharp asymptotic with the leading term of order O B 2g+3 4g+2 on Z g,Fq(t) (B) over F q (t) with char(F q ) > 2g + 1. An analogous object in the number field setting is Z g,Q (B) which is the counting of the odd degree hyperelliptic genus g curves with a marked rational Weierstrass point over Q. In the end, we formulate heuristics that for both of the global fields the counting Z g,K (B) will match with one another.
As the generic point of P 1 Fq (the base of quasi-admissible hyperelliptic fibrations) is indeed Spec of a rational function field of one variable t over F q , one could think of a quasi-admissible hyperelliptic genus g fibration X as the choice of a model for quasi-admissible hyperelliptic curves C over K = F q (t) or equivalently over O K = F q [t] by clearing the denominators. On the number field, the analogy would be the odd degree hyperelliptic curves C over Q or equivalently over O K = Z as the relative curves over a Dedekind scheme by the minimal integral Weierstrass model of an odd degree hyperelliptic curve. In order to draw the analogy, we need to fix an affine chart A 1 Fq ⊂ P 1 Fq and its corresponding ring of functions F q [t] interpreted as the ring of integers of the field of fractions F q (t) of P 1 Fq , since F q [t] could come from any affine chart of P 1 Fq , whereas the ring of integers for the number field K is canonically determined. We denote ∞ ∈ P 1 Fq to be the unique point not in the chosen affine chart.
Note that for a maximal ideal p in O K , the residue field O K /p is finite for both of our global fields. One could think of p as a point in Spec O K and define the height of a point p.
Definition 40. Define the height of a point p to be ht(p) := |O K /p| the cardinality of the residue field O K /p.
We now introduce the notion of bad reduction & good reduction.
Definition 41. Let C be an odd degree hyperelliptic genus g curve given by the Weierstrass family y 2 = x 2g+1 + a 4 x 2g−1 + a 6 x 2g−2 + · · · + a 4g+2 , with a 2i+2 ∈ O K for every 1 ≤ i ≤ 2g. Then C has bad reduction at p if through the base change from O K to O K /p on C, the resulting curve C p is a singular curve of degree 2g + 1. The prime p is said to be of good reduction if C p is a smooth hyperelliptic genus g curve.
For simplicity, assume that X does not have a singular fiber over ∞ ∈ P 1 Fq . Note that the primes p of bad reductions are precisely the points of the discriminant divisor ∆ g , as the fiber X p is singular over ∆ g . When K = F q (t) the global function field, we have ∆ g (X) ∈ H 0 (P 1 , O(4g(2g + 1)n)) by the proof of Proposition 38. It has the following factorization for pairwise distinct maximal ideals p i ⊂ F q [t] and α ∈ F * q over the affine chart:
This formula implies that given a general odd degree hyperelliptic genus g fibration over the number field K has 4g(2g + 1)n singular fibers (in fact, nodal).
As the hyperelliptic discriminant divisor ∆ g (X) is an invariant of the choice of quasi-admissible model f : X → P 1 , we count the number of isomorphism classes of quasi-admissible hyperelliptic genus g fibrations on the function field F q (t) by the bounded height of ∆ g (X) :
In general, the height of a hyperelliptic discriminant ∆ g (X) of any X (without nonsingular fiber assumption over ∞) is defined as q |∆g(X)| where deg(∆ g (X)) := |∆ g (X)| is equal to 4g(2g + 1).
We now define Z g,Fq(t) (B) and compute it by the arithmetic invariant |L g,|∆g| (F q )| which is equivalent to the counting of the quasi-admissible hyperelliptic genus g fibrations over F q by the bounded height of hyperelliptic discriminant ∆ g (X) .
Z g,Fq(t) (B) := |{Quasi-admissible hyperelliptic genus g curves over P 1 Fq with 0 < ht(∆ g (X)) ≤ B}| As any genus 2 curve is hyperelliptic, we first state Z 2,Fq(t) (B) explicitly thereby counting all the quasi-admissible genus 2 curves over P 1
Fq . Theorem 42 (Computation of Z 2,Fq(t) (B)). The counting of quasi-admissible genus 2 curves with a marked Weierstrass point over P 1 Fq by ht(∆ 2 (X)) = q 40n ≤ B satisfies the following inequality: Proof. Knowing the number of F q -isomorphism classes of quasi-admissible genus 2 fibrations of discriminant degree 40n over F q is |L 2,40n (F q )| = 2 · q 28n · (q 3 + q 2 + q 1 − q −1 − q −2 − q −3 ) + 2 · q 12n · (q 1 − q −1 ) by Proposition 39, we can explicitly compute the bounds for Z 2,Fq(t) (B) as the following,
≤ 2 · (q 3 + q 2 + q 1 − q −1 − q −2 − q −3 ) q 28 + · · · + q 28·( logq B 40 ) + 2 · (q 1 − q −1 ) q 12 + · · · + q 12·( logq B
)
= 2 · (q 3 + q 2 + q 1 − q −1 − q −2 − q −3 ) q 28 · (B 7 10 − 1) (q 28 − 1) + 2 · (q 1 − q −1 ) q 12 · (B 3 10 − 1) (q 12 − 1) = 2 · (q 31 + q 30 + q 29 − q 27 − q 26 − q 25 ) (q 28 − 1) · B 7 10 − 1 + 2 · (q 13 − q 11 ) (q 12 − 1) · B 3 10 − 1
On the third line of the equations above, inequality becomes an equality if and only if n := logqB 40 ∈ N, i.e., B = q 40n for some n ∈ N. This implies that the acquired upper bound on Z 2,Fq(t) (B) is a sharp asymptotic of order O B 7 10 with the lower order terms of O B 3 10 and zeroth order.
As there are non-hyperelliptic curves for higher genus g ≥ 3 curves, Z g≥3,Fq(t) (B) is only counting the quasi-admissible hyperelliptic genus g ≥ 3 curves over P 1
Fq . We find Z 3,Fq(t) (B) explicitly thereby counting all the quasi-admissible hyperelliptic genus 3 curves over P 1 Fq .
Theorem 43 (Computation of Z 3,Fq(t) (B)). The counting of quasi-admissible hyperelliptic genus 3 curves with a marked Weierstrass point over P 1 Fq by ht(∆ 2 (X)) = q 84n ≤ B satisfies the following inequality:
Z 3,Fq(t) (B) ≤ 2 · (q 59 + q 58 + · · · + q 55 − q 53 − q 52 − · · · − q 49 ) (q 54 − 1) · B and zeroth order.
Proof. Knowing the number of F q -isomorphism classes of quasi-admissible hyperelliptic genus 3 fibrations of discriminant degree 84n over F q is |L 3,84n (F q )| = 2 · q 54n · (q 5 + q 4 + · · · + q 1 − q −1 − q −2 − · · · − q −5 ) + 2 · q 24n · (q 2 + q 1 − q −1 − q −2 ) + 4 · q 18n · (q 1 − q −1 ) by Proposition 39, we can explicitly compute the bounds for Z 3,Fq(t) (B) similarly as genus 2 case.
The computation for the higher genus cases Z g,Fq(t) (B) can be done similarly to acquire the sharp asymptotic after working out the L g,|∆g| (F q ) by the Proposition 39. While the lower order terms vary, the order of the leading term can be found by the following. This computation effectively answers the geometric Shafarevich's conjecture on the squarefree odd hyperelliptic genus g ≥ 2 curves with a marked Weierstrass point over F q (t) with char(F q ) > 2g + 1 .
Theorem 44 (Computation of Z g,Fq(t) (B)). The counting of quasi-admissible hyperelliptic genus g curves with a marked Weierstrass point over P 1 Fq by ht(∆ g (X)) = q 4g(2g+1)n ≤ B satisfies the following inequality:
Proof. Note that the automorphism group of minimum order of ϕ g is the generic stabilizer group µ δ = µ 2 of P( λ g ) and the automorphism group of maximum order of ϕ g is µ ω = µ 2g as 2g is the maximum value of GCD for all possible pairs among λ g = (4, 6, 8, . . . , 4g + 2). By Corollary 4 we know that the number of F q -isomorphism classes of quasi-admissible hyperelliptic genus g fibrations of hyperelliptic discriminant degree |∆ g | = 4g(2g + 1)n over F q is 2 · # q L g,|∆g| ≤ L g,|∆g| (F q ) ≤ 2g · # q L g,|∆g| , we can explicitly compute the bounds for Z g,Fq(t) (B) as the following,
The lower bound can be computed similarly by substituting 2g with 2. This implies that the sharp asymptotic (which can be found explicitly after working out the L g,|∆g| (F q ) by the Proposition 39) has the leading term of order O B 2g+3 4g+2 with the lower order terms of corresponding orders.
Remark 45. The classical [Ogg2, Saito] formula N 1 = ∆ 1 for elliptic curves gives the conductor = discriminant equality which implies that counting the elliptic curves by discriminant ∆ 1 as in [HP, Theorem 3] is the same as counting the elliptic curves by conductor N 1 . For genus 2 curves, the work of [Liu2] proves N 2 ≤ ∆ 2 where he also shows that equality can fail to hold. For hyperelliptic curves of genus g, we have N g ≤ ∆ g proven recently by the work of [Srinivasan, OSr] implying that our counting Z g,Fq(t) (B) by the hyperelliptic discriminant ∆ g (X) bounds above the parallel counting by the conductor N g for hyperelliptic curves.
Switching to the number field realm with K = Q and O K = Z, one could choose the minimal integral Weierstrass model of an odd degree hyperelliptic curve with the given hyperelliptic discriminant divisor ∆ g which is already a number.
In order to match the counting with the function field, we define the ht(∆ g ) to be the cardinality of ring of functions on subscheme Spec(Z/(∆ g )). This leads to the following analogue of Z g,K (B) over Q which is Z g,Q (B). with the lower order terms of corresponding orders. Concretely,
